
ALEXANDER GEORGE 

A reo I unch 
in Chess 
and Logic? 

A cafd in  Ams terdam.  

Claus and Connie are seated at the bar, f i n i s h i n g  their 
drinks. They have been squabbling fo r  much  of  the 
evening. 

Claus has taken a hard-boiled egg f r o m  a carousel and is 
sp inn ing  it distractedly on the counter. He places it i n  
his coat pocket. 
CLAUS: Shall we go? 

CONNIE: What are you doing with that  egg? 
CLAYS: I'll eat it later. 
CONNIE: But you haven ' t  paid for it. 
CLAUS: I thought  it was  compl imentary!  

CONNIE: You a lways  th ink  you can  get someth ing  for noth-  
ing! Well, no t  that  egg. 

cLAus: (Replacing the egg, resentftdly) I 'm glad you ' re  here  
to keep me honest .  

They walk toward the door but stop before a table w i t h  a 
chessboard and pieces on it. 
CLAUS: Look, an  a b a n d o n e d  game. Who's be t te r  off here,  
White or Black? 

CONNIE: We don ' t  know whose  move it is. 
cLAus: Let's a s sume  it 's White's. 

They ponder the pos i t ion  (Diagram 1) f o r  a while. 
CLAUS: No w o n d e r  they a b a n d o n e d  this: it 's a forced ma te  
in two for White. 
CONNIE: HOW so? 
cLAus: Well, we can  r ea son  as follows: Ei ther  the h i s to ry  
of this game is such  tha t  Black can cast le  (viz. ,  n e i t h e r  
its king no r  its rook  has moved)  or it is such  tha t  Black  
c a n n o t  castle. If Black can  castle,  then  Black 's  last  m o v e  
m u s t  have b e e n  Pg7-g51 (for  Black has moved  ne i t he r  k ing 

~IAGRAr 

~Conventionally, the columns are labeled "a" to "h," moving from left to right. And 

the rows are labeled "1" to "8," moving from bottom to top; thus, in Diagram 1 

the Black king is standing on e8 and the White king on f5. 
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no r  rook, and  Pg6-g5 would  have p laced  White in  an  im- 
poss ib le  checked  posi t ion) .  But  in tha t  case, White  can 
move  1.Ph5xPg5 en p a s s a n t  (e.p.) ,  leading  to ma te  the fol- 
lowing  move  (e i ther  2.Rd8 or, if Black castles,  2.Ph7). On 
the  o ther  hand,  if Black c a n n o t  castle,  then  White  can 
move  1.Ke6 (but  no t  1.Ph5xPg5 e.p. s ince  we c a n n o t  now 
show that  Black 's  last  move  mus t  have b e e n  Pg7-g5), 
which  leads to mate  nex t  move  (namely,  2.RdS). Summa-  
rizing: e i ther  Black can  cast le  or Black c a n n o t  castle;  if 
the first, t hen  1.PhSxPg5 e.p. leads  to mate; if the second,  
t h e n  1.Ke6 leads to mate;  therefore ,  e i ther  1.Ph5xPg5 e.p. 
leads  to mate  or 1.Ke6 leads  to mate.  We can ' t  k n o w  which 
leads  to mate,  t hough  we do k n o w  that  e i ther  one does  or 
the o ther  does. 
CONNIE: There 's  someth ing  about  the way you ' re  arguing 
that  I don ' t  like. I th ink  that  in order  to prove a d is junct ion  
"X or Y," you would  need  a proof  of at least one of its dis- 
juncts ,  viz .  either  a p roof  of X or a proof  of Y; or at the 
min imum,  you would  need  a me thod  that  would  in princi- 
ple yield a proof of one of the two disjuncts. You shouldn ' t  
be assert ing a d i s junc t ion  unless  you ' re  conf ident  tha t  you 
know, or could in pr inciple  find out, which of the two dis- 
j u n c t s  actually holds. 

CLAUS: It 's t rue that  I don ' t  now  know that  1.Ph5xPg5 e.p. 
leads to mate; no r  do I now know that  1.Ke6 leads to mate. 
And it 's also t rue tha t  I do no t  have any means  for ascer- 
ta ining which does lead to mate.  But  I can  prove tha t  one 
or the other  must! 

CONNIE: You are c o n f i d e n t  a b o u t  tha t  c o n c l u s i o n  on ly  be- 
cause  you  he lped  y o u r s e l f  to the  a s s u m p t i o n  tha t  e i ther  
Black  can  cast le  or Black  canno t .  But  you  have no  right  
to tha t  d i s junc t ive  a s s u m p t i o n ,  b e c a u s e  you  ne i t he r  
k n o w  tha t  Black can  cast le ,  no r  k n o w  that  Black c a n n o t  
cast le,  no r  have a m e t h o d  tha t  w o u l d  even tua l ly  tel l  us 
wh ich  it is. 

CLAUS: But I don ' t  need  to defend my asser t ion  of that  dis- 
junc t ion!  It j u s t  fol lows as an in s t ance  of The L a w  o f  the 
E x c l u d e d  Middle: for every s t a t emen t  X, "X or not-X" is 
true. 

CONNIE: I re jec t  you r  "law"! No th ing ' s  on  the  h o u s e  in 
logic. If you  w a n t  to a s se r t  "X or not-X" t h e n  you  m u s t  
e i the r  posses s  a p roo f  of X or p o s s e s s  a p roo f  of not-X, 
or  show how one  cou ld  arr ive  at  one  or the other.  You'l l  

2The next day, CLAUS questioned CONNIE about why she had been willing to say 

that if Btack can castle then 1 .Ph5xPg5 e.p, leads to mate, For this appears to 

depend on the assumption that either Black will castle (in which case 2.Ph7 mates) 

or Black will not castle (in which case, 2.Rd8 mates). And this disjunctive as- 

sumption is really another application of the Law of the Excluded Middle. which 

presumably CONNIE WiII likewise iudge problematic: for we are neither in a posi- 

tion to establish that Black will castle, nor in a position to establish that Black will 

not castle, nor ~n possession of a method that w~ll settle the matter. 

CONNIE replied that the appearance was deceptive, for her reasoning need not 

be viewed as resting on such an assumption. To say that 1 ,Ph5xPg5 e.p. leads 

to mate just means that for any given next move by Black there is a mating move 

by White. And, CONNIE continued, she had no difficulty accepting this: for if we 

are given any following move by Black, we can examine it to determine whether 

it is a castling move or not and on this basis provide the mating move by White. 

have a l icense  to asse r t  tha t  e i ther  Black can  cas t le  in  
this  pos i t ion  or Black c a n n o t  once  you 've  e s t ab l i shed  
that  Black can  cas t le  or  e s t ab l i shed  tha t  Black canno t ,  
or  exp la ined  how in p r i nc i p l e  we  cou ld  d e t e r m i n e  wh ich  
it  is. 
CLAUS: Well, obviously I can ' t  do any of that. So you won ' t  
allow me to claim that  it 's one  or the other? 
CONNIE: That 's  right. Of course,  I do agree with you that  i f  
Black can castle then 1.Ph5xPg5 e.p. leads to mate, and  
also that i f  Black canno t  cast le  then 1.Ke6 leads to mate. 2 
But given our presen t  knowledge,  I don ' t  th ink  it 's correct  
to go the extra step and  conclude,  as you do, that  ei ther  
1.Ph5xPg5 e.p. leads to mate  or 1.Ke6 does. 
Claus s trokes  h i s  chin.  
CONNIE: Let me put  it ano the r  way. If one were given any 
legal history of this boa rd  posi t ion,  one could legit imately 
assert  the disjunction:  1.Ph5xPg5 e.p. leads to mate or 1.Ke6 
does. For  given any such  history, one could de termine  
whether  White can  capture  e.p. and  whether  Black canno t  
castle. And on the basis  of this  de terminat ion,  one could 
establish which par t icu lar  move  leads to mate; that is, one  
could establish one of the two disjuncts,  and  so the entire 
disjunction.  What I don ' t  th ink  you can do is to assert  the 
dis junct ion s imp l i c i t e r .  That ' s  like taking an egg wi thout  
paying for it! 

CLAUS: Let me try someth ing  else. Will you agree that it is 
no t  the case that  both  White c a n n o t  capture  e.p. and Black 
can castle? 
CONNIE: Of course! The a s s u m p t i o n  that  Black can castle 
forces the conc lus ion  that  Black 's  last move was a double  
pawn  move which permi ts  White to capture  en passan t .  
Thus the assumpt ion  that  bo th  White cannot  capture e.p. 
and  Black can castle leads to a contradict ion;  and that  in- 
deed justifies (by reduc t io  ad a b s u r d u m )  the claim that  it 
canno t  be that bo th  cond i t ions  hold. 
CLAUS: Ah, now we' re  mak ing  progress! You've jus t  granted 
a claim of the form "not-(not-X and  Y)," where X is "White 
can  capture e.p." and Y is "Black can  castle." Right? 
CONNIE: Yes, that 's  right. 
cLAus: But this is jus t  equiva lent  to the claim "X or not-Y"! 
So, you should be will ing to asser t  that  ei ther White can 
capture  e.p. or Black c a n n o t  castle. And from this, you  
agree, it follows that  e i ther  1.Ph5xPg5 e.p. leads to mate or 

1.Ke6 does. 
CONNIE: I do agree that  if we were  in a posi t ion to asser t  
that  either White can cap ture  e.p. or Black cannot  castle, 
then  we would indeed be in a pos i t ion  to claim that ei ther  

1.Ph5xPg5 e.p. leads to mate  or 1.Ke6 does. But that is be- 
cause I th ink that  to be  in  a pos i t ion  to assert  that ei ther 
White can capture  e.p. or  Black c a n n o t  castle, one would 
have to be in a pos i t ion  to asser t  that  White can capture  
e.p. or in a posi t ion to asser t  tha t  Black canno t  castle (or 
in possess ion  of a me thod  that  would  pu t  us in one of those 
posit ions).  And the p r ob l e m is that  knowing  that  these two 
condi t ions  cannot  both  hold does  no t  put  us in either of 
those posi t ions (and does  no t  supply us with such a 
method)! 
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CLAUS: Are you saying that  you  deny  that it 's legitimate to 

infer  f rom "not-(not-X and Y)" to "X or not-Y"!? 
CONNIE: That 's  right! a 
Claus paces in  silence around the table. 
CLAITS: OK. Earl ier  you agreed that  i f  Black can castle, then 
White can capture  e.p., right? 
CONNIE: Absolutely. 
CLAUS: Good, good. Now, that ' s  a claim of the form "if Y 
then  X." And such a claim is equivalent  to the assert ion 
"not-Y or X," which  of course  is jus t  equivalent  to "X or not- 
11." So you see, you mus t  accept  that  ei ther White can cap- 
ture  e.p. or Black canno t  castle. 
CONNIE: You find equivalences  where  I don't! I do not  be- 

lieve that  the condi t ional  c la im "if Y then X" even entails  
the dis junct ive one "not-Y or X." I accept  the condit ional  
claim because  I agree that  if one  could establish that Black 
can  castle, then  on that  basis  one could establish that White 
can  capture  e.p. : the castl ing would  force Black's last move 
to have been  the re levant  double  pawn  move. But I don ' t  
see how any of that  helps one in the least to establish that 
White can capture  e.p. or to establ ish that Black cannot  
castle (or to provide a recipe for de termining  which is the 
c a s e ) - - a n d  that ' s  what  you 'd  need  to do to earn the right 
to assert  the dis junct ion.  
CLAUS: (Sighs.) Well, it s eems  that  I 'm prepared  to assert  
baldly that e i ther  1.PhSxPg5 e.p. leads to mate or 1.Ke6 
does, but  you ' re  not. I th ink  we ' re  going to have to agree 
to disagree. 
CONNIE: I 'm not  so sure  . . . .  
cLAus: Huh!? 
CONNIE: Well, somet imes,  when  divergences be tween  peo- 
ple get subs tant ia l  enough,  they really aren ' t  disagreeing 
with one ano the r  so much  as talking about  different mat- 

ters. The clearest  cases of d i sagreement  are those that  take 
place agains t  a background  of a g r e e m e n t - - a n d  I 'm not  sure  

we've located that  c o m m o n  ground  yet. 
CLAIMS: (Alarmed.) Gosh! We can ' t  even agree on whe the r  
we ' re  disagreeing!? Where does that  leave us? 
CONNIE: (She pats  h im  reassuringly  on the hand.) It 's only 
chess and  logic. That ' s  all. 4 

3Later that week, Connie broke the news to CFaus that this inference also ~nvolves mowng from "not-net-X" to "X". and that this was something she could not accept 

either. Claus was dumbfounded. 
CLAUS: But surely If you've shown that "not-2C ~sn't correct, then it follows that X must hold! 

CONNIE: Why ~S that? 

CLAUS" Because there are only two posslblhtles: either X holds or not-X holds! 
CONNIE: NOW there you go again! You're getting that disjunction for free by invoking that Law of the Excluded Middle--which I reject! If you're going to asser~ that d~s 
junction you'll have to earn the nght to it: you'll have to give grounds either for X's holding or for not-X's holding (or provide a method that in pnncipie will supply such 

grounds). And you haven't done that. There are no free lunches in logic! 
4Actually, mathematics too. For more information about the philosophical, logical, and mathematical contrasts between CLAUS'S classical reasoning and CONNIE'S con- 

structwlsm, see Alexander George and Daniel J. Velleman, Philosophies of Mathematics, Blackwell, 2002; especially Chapter 4, "lntuitionlsm." 
The retrograde analysis ("retroanalysis") problem considered above was composed by W. Langstaff and appeared ~n The Chess Amateur in 1922. 

For further examples of retroanalysis problems, see Raymond M. Smullyan, The Chess Mysteries of Sherlock Holmes, Times Book, 1994. 
I do not believe that the idea of using retroanalys~s problems to illustrate the difference between classical and constructive reasoning is original to me, but all my ef 

forts to locate a source have failed. 
My thanks to Daniel J. Velleman for his help. 

Mathematician's Dictum 

W h e n  y o u  c o m e  to  a f o r k  in  t h e  r o a d - - t a k e  it! 

--Folksay, collected by Louis Nirenberg (2002) 
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